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Pool Testing

Suppose someone is infected with a virus. If there aren’t enough tests to test each person
individually, a pool test can be used to test many people at the same time. In this example below,
three people are tested at the same time.

(i

Pool Test

If everyone is healthy, If someone is infected,
the test is negative. the test is positive.

1. If everyone in a pool test is healthy, the pool test is negative. In the example above on the
left, Person 1, Person 2, and Person 3 are all healthy, so the pool test is negative.

2. If the infected person is in a pool test, the pool test is positive. In the example above on the
right, Person 1 and Person 3 are healthy, Person 2 is infected, so the pool test is positive.

3. A pool test does not usually tell you who is infected, but it does tell you who might be
infected.

Goal:
¢ Find the infected person using as few pool tests as possible.
Rules:
e Exactly one person is infected.
¢ You can do pool tests of any size (including a pool of just one person).
¢ You will usually need to do more than one pool test to find the infected person. You can
test the same person any number of times.




For example, in a group of three persons, exactly one person is infected. The fewest number of
tests that you need to guarantee that you will always be able to find the infected person is 2. And
this is how. Assume the three persons are Person 1, Person 2, and Person 3. First, you test Person
1 and Person 2. If the result is negative, you know Person 3 is infected. If the result is positive,
then you know either Person 1 or Person 2 is infected. Then you test Person 1. If the result is
negative, Person 2 is infected. If the result is positive, Person 1 is infected. So the fewest number
of tests that you need to guarantee that you will always be able to find the infected person is 2.
The process is illustrated in the figure below. (Please note this is not the only solution to this
problem. But the fewest number of tests that you need stays the same.)

Person 3 is
infected

result is negative

Pool test:
Persons 1 & 2

Person 2 is
infected

result is positive result is nedative

Pool test:
Person 1

result is positiy

Person 1 is
infected

Questions:

(1) There are 6 persons and exactly 1 person is infected. What is the fewest number of tests that
you need to guarantee that you will always be able to find the infected person?

(2) There are 1000 persons and exactly 1 person is infected. What is the fewest number of tests
that you need to guarantee that you will always be able to find the infected person?



1.

Continuing the previous question, if you are only able to do 1 test, the largest number of persons
you can test so that you can always find the infected person is 2. That is there are two persons,
Person 1 and Person 2, and exactly one person is infected. You can do 1 test and find the infected
person. You test Person 1. If the result is negative, you know Person 2 is infected. Otherwise,
Person 1 is infected.

If you are only able to do 11 tests, what is the largest number of persons you can test so that you
can always find the infected person? (Again assuming exactly one person is infected.)

2.

Parallel Testing

Continuing the previous two questions, one day, you only have enough time to do one round of
pool testing. You can do as many pool tests as you want, but you must do all of the tests at the
same time. You cannot use the result of one pool test to decide how you’ll do another pool
test.

For example, there are 3 persons and exactly one person is infected. You can do 2 tests at the
same time to find the infected person. For test 1, you test Person 1 and Person 2. For test 2, you
test Person 1 and Person 3. If only test 1 is positive, Person 2 is infected. If only test 2 is positive,
Person 3 is infected. If both test 1 and test 2 are positive, Person 1 is infected. So in this case, the
fewest number of pool tests that you need to guarantee that you will always be able to find the
infected person is 2. (Please note this is not the only solution to this problem. But the fewest
number of pool tests that you need stays the same.)

Questions:
(1) If there are 9 persons and exactly 1 person is infected, what is the fewest number of pool
tests that you need to guarantee that you will always be able to find the infected person?
(2) If there are 2000 persons and exactly 1 person is infected, what is the fewest number of
pool tests that you need to guarantee that you will always be able to find the infected
person?

3.

Continuing the previous parallel testing problem, if you are only able to do 12 tests at the same
time, what is the largest number of persons that you can test so that you can always find the
infected one? (Again assuming exactly one person is infected.)
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The notorious Gaokao, (¥ %, or “High Test™) is China's SAT on steroids, with a score on the nine-hour test
being the sole criterion for admission to Chinese universities. Preparing for the test is a years-long obsession

for both students and parents. (In case vou missed it: Brook Larmer’s Inside a Chinese Test-Frep Factoriy.)

And for many, the unfortunate consequence is that the lengthy preparation destroys, rather than enhances,
academic ability. Student enthusiasm and curiosity are crushed. EEAIEHE
=]

Although many in China are aware of the Gaokao’s impact, the test has a 1,300-year history and will not be

easily killed. Instead, perhaps the best way to break the Gaokao’s life-draining grasp is indirectly,
through clubs and activities that rejuvenate kids” sense of curiosity and fun. And two weeks ago [ discovered
one such extra-curricular activity that’s becoming popular among Chinese math-lovers: The Math League, an

organization based in New Jersey committed to having kids worldwide enjoy math and discussions about

problem-solving,.
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THE MATH LEAGUE 93{594809550532231725389108123; m

82337867831652712019091456485665)
14709384460955058225172635940812848

building student interest and confidence
in mathematics through solving worthwhile problems.

www.mathleague.world
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From the Quadratic Formula to Differentiation (\ IR AR ENHSD)
Mathematics in History, Applications, and Enjoyment EEFA9G5E. [ AFISRE)
Mathematics and Music (58 5R)

The Wonderful World of Permutations (¢baHEFIHER)

Using Randomness in Proofs ({EiEBEARsEFERENLILE)

Mathematics and Games ($Z5i5Xk)

Stable Machine (F2E09%128)

Famous Sequence (E&ZF5)

Tensegrity Polyhedra GKHZE(K)

Grundy's Game (t&=585%%%)

. Apollonian Circle Packings (i B L REIEFE)

Diving into Dimensions (#EIRE)

How to Use Math to Build a Safe World? Q{EIFREEFME— N L 2HIHR? )
What's Your Favorite Number? (IREEWRHIEFEHA? )

The Art of Problem Solving ((#&RRIZA)

Unlocking Math Magic: Exploring Numbers with AR & VR (878 EE%: FARFIVRIZESL
Knot Theory (Z5I8i0)

Checking Divisibility Using Finite Automata ((EFEERBEoiIiEE IR IE)
NIM and JIM BOATER
Introduction to Mathematical Physics (U Z4IES8) [B]gsc
. Modular Origami (IREEHRIT4R)
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- Z£E Math League EM: www.mathleague.world
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